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SW%(VX,VY) =
22 Eouisey [W3(0#7x, 0#7y)]
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The Discrete Sliced Wasserstein Distance
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Monte-Carlo Approximation

E(X) = E)(X) =

p

1
Eo~ sty [W3(0F#7x, 0#y )] EZWS(@#W{,@#W)

i=1
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Statistical Properties

(b) p=10

Uniform Convergence [5]
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The Discrete Sliced Wasserstein Distance
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Statistical Properties

(a)p=3 (b) p=10
Uniform Convergence [5]

For K ¢ R™*? compact, P (Hc‘fp — Eloo —— 0) =1
p—+00

Uniform Central Limit Theorem [5]

L, 1>=(K)
e

p—>+o0

For K C R"*¢ compact, \/p(€, — €) G.
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Optimisation Properties
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Global Optima

= SW; is a distance:

argmin £(X) = argmin SW3(vx,7y)
XcRnxd XeRnxd

= {Y up to a permutation}
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Global Optima

= SW; is a distance:

argmin £(X) = argmin SW3(vx,7y)
XcRnxd XeRnxd

= {Y up to a permutation}

. S/V\Vzp is not a distance:

SWa,(v,7v) =0 <= Vi € [1,p], #y = Oty

Ep with p = 1.
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Reconstruction Problem
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Reconstruction Problem

For P;: R — R%,

a.s. Reconstruction [4]

If Y, d; > d, for Y € Rnxd

ﬁxed, SRP = {”yy},
almost-surely, for random

(Fi)-
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Consequences of the Reconstruction Problem on &,

If p <d,

E(X) =0 =5 X € {Y up to a permutation}.

Ep with p = 1.

If p > d, almost-surely,

Ep(X) =0= X € {Y up to a permutation}.

&p with p = 3.
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&, Cell Decomposition

Zi 0F (z1— Yo (k k)7

1
(01, o), Pzt k=1

1 p
E(X) = EZWS(@#VX,&#W) =
i=1
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&, Cell Decomposition

Zi 0F (z1— Yo (k k)7

=1 k=1

1 p
E(X) = EZW§(91~#7X,01'#W) =
i=1

1
(Ulv' 0—p EGP p

unstable

stable

stable
(0]
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&, Cell Decomposition

Zi 0F (z1— Yo (k k)7

=1 k=1

1 p
E(X) = EZW§(91~#7X,GZ~#W) =
i=1

1
(Ulv' O—p EGP p

unstable

stable

stable
(0]

Cell Optima [5]

VE,(X) =0 <= X is min of a stable cell <= X is a local min.
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&, Cell Decomposition

1 p p n
Ep(X) = EZW§(9z‘#7X,9i#’YY) = min Z > (07 (@r—You))*-
=1

(1,+,0p) €67 P77 21

unstable

stable

stable
(0]

Cell Optima [5]

VE,(X) =0 <= X is min of a stable cell <= X is a local min. r

As p — +o0, &, = &, more local optima but better optimisation.
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& Differentiable Critical Points

Critical Points of £ [5]
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Optimisation Properties
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& Differentiable Critical Points

Critical Points of £ [5]

Critical Point Approximation [5]

o , P
For X, critical points of &,, X, — F(X,) m 0.
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SGD Convergence
0®0000

Preliminary: Stability of the Kantorovich Problem 1/2

Let a, B € %, C € RP*" and (e, B) = {m € RT*", 1l =, 711 = B}.

W(a, 5;C) = ﬂEIiTri 5 w-C
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SGD Convergence
0®0000

Preliminary: Stability of the Kantorovich Problem 1/2

Let a, B € %, C € RP*" and (e, B) = {m € RT*", 1l =, 711 = B}.

W(a, 5;C) = ﬂeliqrg 5 m-C

Stability of the Kantorovich LP [5]
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SGD Convergence
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Preliminary: Stability of the Kantorovich Problem 1/2

Let a, B € %, C € RP*" and (e, B) = {m € RT*", 1l =, 711 = B}.

W(a, 5;C) = ﬂeliqrg 5 m-C

W(Q,,@,C) _W(OZuﬂ?é) = 71'611_[1%(&,8) m-C _ﬁeli_lr(lfxﬂ) 7 C

<€ = Clloe 3755 = 1€ = Cllee.
7‘7
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SGD Convergence
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Preliminary: Stability of the Kantorovich Problem 1/2

Proof. 2)
® Dual expression
W(a,8,C) = W(@,5,C) = sup fTa+g7f— suwp [ a+g'B
fog<C Feg<cC
® Complementary slackness: 7;; # 0= f/ + g; = C;;

® Bound dual [|/*[lcc < [[Clloc, [[97[loc < [|Cllcc-
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SGD Convergence
©00®000

Preliminary: Stability of the Kantorovich Problem 1/2

Proof. 2)
® Dual expression
W(a,8,C) = W(@,5,C) = sup fTa+g7f— suwp [ a+g'B
fog<C Feg<cC
® Complementary slackness: 7;; # 0= f/ + g; = C;;

® Bound dual [|/*[lcc < [[Clloc, [[97[loc < [|Cllcc-

[W(a, 8;,C) = W(a, ;C)| < 1|C = Clloo

Consequence with C; = ||z — yi]|3 and X, X’ € K:

(W3 (vx, ) = Wa(vxr )| < ey max |2k — 27 ||2-
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SGD Convergence
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Convergence of Interpolated Trajectories

SGD on EQNZ/{(Sd) [W§(0#7X7 9#75/) } :

we(X)

XEHD) = X®) — aVawyen (X))

Eloi Tanguy, Rémi Flamary, Julie Delon MAPS5, Université Pari

Properties of Discrete Sliced Wasserstein Losses



SGD Convergence
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Convergence of Interpolated Trajectories

[e]

SGD on Eg.yy(se) | W3(0#x, 0#) | - e
wp(X) * ’fp?o o

* *

XEHD) = X®) — aVawyen (X))

X N
.\O\)im/o/‘ X® S
X(0.3) * *

x() X(1.5)
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SGD Convergence
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Convergence of Interpolated Trajectories

SGD on EQNZ/{(Sd) [W§(0#7X7 0#75/) } :

we (X)
*
XD = XE) — aVwy e (X®)
x(0)
Wx@)
X(0.3)
vy K09
Interpolations Converge [5]
*
' dx

Using results from Bianchi et al. [1]
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SGD Convergence
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Convergence of Noised Trajectories

Noised SGD: X *+1) = X*) — o Vw,pi1) (X F) + a1,

Convergence of Noised SGD [5]

m 4x¥,z) L.
k—+o00 a—0

With 2 = {X € R™? | 0 € ~90E(X)}.

Using results from Bianchi et al. [1]

Eloi Tanguy, Rémi Flamary, Julie Delon MAPS5, Université Pari

Properties of Discrete Sliced Wasserstein Losses 16



SGD Convergence
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Convergence of Decreasing-Step Noised Trajectories

XD = X®) — 0B Twpin (X FE)) 4+ agHD),

+o0 +o0
Steps a®) > 0 with Z a¥) = 400 and z:(oz(k))2 < 400.
k=0 k=0

Convergence of Decreasing-Step Noised SGD [5]

If X(k)) is a.s. bounded, then a.s.:
o (E(X®), converges.

o If X(p(k) _ « X then X® ¢ Z.
k— 400

With 2 = {X € R"™*? | 0 € —90E(X)}.

Using results from Davis et al. [2]
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SGD for Training SW Neural Networks
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Generative Modelling

./ O o O\ o

o O
OO

Low-dimensional

. Image Space
Noise g P

Eloi Tanguy, Rémi Flamary, Julie Delon MAPS5, Université Pari

Properties of Discrete Sliced Wasserstein Losses



SGD for Training SW Neural Networks
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Problem Statement

Goal: approximate T, #X ~ Y.
Loss sample:

Flu, X,Y,0) = W3(0#T#yx, 0#7y), X ~ X" Y~y 0~
Population loss:

F(u)= E_[W30#Tu#rx,0#y)] = E [SW3(Tuttyx, )] -

4 )

Convergence Results [3]

Under technical assumptions:
e Approximation of (Clarke) gradient flows

e Convergence in the parameters u(*) for a modified SGD scheme

Using results from Bianchi et al. [1]
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